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Abstract

In this paper we discuss the explicit solution of certain extremal prob-
lems in Bergman spaces. In order to do this, we develop methods to
calculate the Bergman projections of various functions. As a special case,
we deal with canonical divisors for certain values of p.

1 Introduction

This paper deals with linear extremal problems in Bergman spaces. The study
of extremal problems in Bergman spaces was inspired by extremal problems in
Hardy spaces, which have been studied by various authors, notably by Macintyre
and Rogosinski (see [18]), Rogosinski and Shapiro (see [20]), and S. Ya. Khavin-
son (see [14] and [15]).

Bergman space extremal problems have been studied by various authors, for
example in [13], [28], [21], [11], and [6]. See also the survey [2]. Regularity
results for these problems have been studied in [22], [12], [8], and [9]. However,
there are still no general methods for finding solutions to these problems, and
few explicit solutions are available. This is in contrast to the situation for
Hardy spaces, where a rich theory based on duality and functional analysis
allows many extremal problems to be explicitly solved (see the references in the
previous paragraph.)

This paper introduces methods for finding explicit solutions to certain ex-
tremal problems in Bergman spaces. For example, we solve certain minimal
interpolation problems involving finding the smallest norm of a Bergman space
function when its value and the value of its first two derivatives are specified
at the origin. Similar results to ours are obtained in other works, for example
[13], [19], and [24]. As another example, we find the function that maximizes
the functional defined by f ~ f((0) + bf(0) for certain values of b. The
methods are based on theorems developed in the paper about the relation be-
tween the Bergman projection and extremal problems, as well as calculations
of Bergman projections of various functions. As a special case, we deal with
canonical divisors, also known as contractive divisors, for certain AP spaces.



An analytic function f in the unit disc D is said to belong to the Bergman

space AP if
1/p
| f]l a» = {/ f(z)|pda(z)} < 0.
D

Here o denotes normalized area measure, so that o(D) = 1.
For 1 < p < oo, the dual of the Bergman space AP is isomorphic to AY,
where 1/p+1/¢ =1, and k € A? represents the functional defined by

ﬂﬁ=4f@ﬂ5w&)

Note that this isomorphism is actually conjugate-linear. It is not an isometry
unless p = 2, but if the functional ¢ € (AP)* is represented by the function
k € A9, then

[@ll(ary+ < [[Ellas < Cpllollar)- (L.1)

where (), is a constant depending only on p.

In this paper the only Bergman spaces we consider are those with 1 < p < oco.
The case p < 1 is more difficult because the proof of Theorem 2.2 fails for p < 1.
This theorem is a key result needed for our method of solving extremal problems.
The proof of Theorem 2.2 relies on the boundedness of the Bergman projection
on LP, which fails for p < 1. It also relies on Holder’s inequality, which fails for
p <l

For a given linear functional ¢ € (AP)* such that ¢ # 0, we investigate the
linear extremal problem of finding a function F' € AP with norm ||F'||4» = 1 for
which

Re 6(F) = sup Re d(g) = |14l (1.2)
lgllar=1
Such a function F' is called an extremal function, and we say that F' is an
extremal function for a function k € A? if F' solves problem (1.2) for the func-
tional ¢ with kernel k. This problem has been studied by numerous authors
(see the introduction and references for some examples). Note that for p = 2,
the extremal function is F' = k/||k|| a2.
A closely related problem is that of finding f € AP such that ¢(f) = 1 and

= inf . 1.
fllar = inf lgllar (1.3)

If F solves the problem (1.2), then % solves the problem (1.3), and if f solves
(1.3), then ﬁ solves (1.2). When discussing either of these problems, we always
assume that ¢ is not the zero functional, in other words, that & is not identically
0.

It is well known that the problems (1.2) and (1.3) each have a unique solution
when 1 < p < oo (see e.g. [22], or [8], Theorem 1.4). Also, for every function
f € AP such that f is not identically 0, there is a unique k € A9 such that f
solves problem (1.3) for k (see e.g. [8], Theorem 3.3). This implies that for each
F € AP with ||F||a» = 1, there is some nonzero k such that F solves problem



(1.2) for k. Furthermore, any two such kernels k are positive multiples of each
other.

The next result is an important characterization of extremal functions in AP
for 1 < p < oo (see [23], p. 55).

Theorem A. Let 1 < p < oo and let ¢ € (AP)*. A function F € AP with
|IF)la» = 1 and Re ¢(F) > 0 satisfies

Re ¢(F) = sup Re ¢(g) = 9|

llgllar=1
if and only if
/ h|F|P~'sgn Fdo =0
D
for all h € AP with ¢(h) = 0. If F satisfies the above conditions, then

- h
/ h|F|P~tsgn F do = o(h)
D ol
for all h € AP.
The following may also be found in [23], p. 55.

Theorem B. Suppose that X is a closed subspace of LP(D), for 1 < p < co.
Let F € L? and suppose that for all h € X, we have ||F|| < ||F + h||. Then,

/ h|F|P~'sgn Fdo = 0
D

forall h € X.

Because point evaluation is a bounded linear functional on the Hilbert space
A2, the space A% has a reproducing kernel K (z, (), called the Bergman kernel,
with the property that

f(z) = / K(2,Q)f(¢) do(C) (1.4)

for all f € A% and for all z € D. One can show that

_

(1-¢2)*

Since the polynomials are dense in A', we have that (1.4) holds for all f € A!.
In fact, for any f in L' we many define the Bergman projection P by

P = [ FE o)

The Bergman projection maps L' into the space of functions analytic in D. A
non-trivial fact is that P also maps LP boundedly onto AP for 1 < p < oo. If
p =2, then P is just the orthogonal projection of L? onto AZ2.

K(Z,C) =



The rest of this paper is organized as follows. In section 2, we prove various
theorems relating the Bergman projection to extremal problems. In section 3,
we calculate various Bergman projections. We use these results in section 4
to solve some extremal problems explicitly. Lastly, in section 5, we apply our
results to the study of canonical divisors in A? when p is an even integer.

2 Relation of the Bergman Projection to Ex-
tremal Problems
In this section we show how information about the Bergman projection can be

used to solve certain extremal problems. We begin with a basic theorem that is
obvious but quite useful.

Theorem 2.1. Suppose that 1 < p < oo and let f € AP and g € L1, where

1/p+1/q=1. Then
[ tado = [ 1Pgya
D D

Proof. The case p = 2 follows from the fact that P is the orthogonal projec-
tion from L? onto A2. The other cases follow from a routine approximation
argument, using the fact that P : LP — AP boundedly. O

The next theorem gives the first indication of how the Bergman projection
is related to extremal problems.

Theorem 2.2. Suppose that 1 < p < co. Let F' € AP with ||F||a» = 1. Then F'
1s the extremal function for the functional with kernel

k=P(FPPtsgnF) € A®.
Furthermore, if F is the extremal function for some functional ¢ € (AP)* with
kernel k € A4, then
k
P(|F|P~'sgnF) = —.
11l
Proof. Consider the functional i) € (AP)* that takes a function f € AP to

W) = /D fIF|P"5gn F do.

This functional has norm at most || |F|P~tsgn F ||z« = \|F||%q = 1. But also
Y(F) = ||F||%» = 1, so ¢ has norm exactly 1 and F is the extremal function for

1.
But from Theorem 2.1, it follows that

/deaz/fw—lsgﬁda
D D



for any f € AP, which means that P(|F|P~!sgn F) is the kernel in A9 repre-
senting 1. This proves the first part of the theorem.

If F' is the extremal function for ¢, then 1 is a positive scalar multiple of ¢
(see Section 1.) Since [|¢]] =1 and ¥ is a positive scalar multiple of ¢, it must
be that ¢ = ¢/||¢||. But this implies that P(|F|P~tsgn F) = k/||¢||. O

The next result, Theorem 2.4, describes the relation of the Bergman projec-
tion to a sort of generalized minimal interpolation problem. The problem is to
find the function of smallest norm such that prescribed linear functionals acting
on the function take prescribed values. We will first need the following lemma.

Lemma 2.3. Let V' be a vector space over C, and let ¢, ¢1,...,0n be linear
functionals on V' such that, for v € V, if ¢1(v) = -+ = on(v) = 0, then
¢(v) =0. Then ¢ = Z;V:1 cj¢; for some constants c;.

The statement and proof of this lemma may be found in [3] in Appendix A.2
as Proposition 1.4.

Theorem 2.4. Let 1 < p < oo and let ¢1,¢p2,...,0n € (AP)* be linearly
independent. Then a function F' € AP satisfies

[F[lar = inf{[[fllar : 61(f) = ¢1(F), ..., on(f) = on(F)}
if and only if P(|F|P~Ysgn F) is a linear combination of the kernels of ¢1, ..., dn.

Note that this theorem gives a necessary and sufficient condition for a func-
tion F' to solve the minimal interpolation problem of finding a function f € AP
of smallest norm such that ¢;(f) = ¢; for 1 < j < N, where ¢; € (AP)*
are arbitrary linearly independent functionals and the c; are given constants.
Namely, F' solves the problem if and only if ¢;(F) = ¢; for 1 < j < N and
P(|F|P~Lsgn F) is a linear combination of the kernels of ¢y, ...,¢x. Note that
for the case 1 < p < 0o, the problem under discussion will always have a unique
solution (see e.g. [8], Proposition 1.3).

Proof. Let k1,...,kn be the kernels of ¢1,...,¢n, respectively. Suppose that
[Fllap = mf{[[ fllar : o1(f) = ¢1(F),...,on(f) = on(F)}

and let h be any non-zero AP function such that ¢;(h) = --- = ¢n(h) = 0.
Since there are only a finite number of the ¢;, it is clear that such a function
exists. Then F' + h is also in contention to solve the extremal problem, so
IF]l < ||F + h||. Now Theorem B shows that

/ |F|P~'sgn F hdo = 0,
D
and so by Theorem 2.1

/ P(|F|P~tsgn F)hdo = 0.
D



Define
olf) = [ PUFPTsgnF) fdo.  fe .
D

Lemma 2.3 now shows that

N
= cid;,
j=1
for some constants c;, so P(|F[P~!sgn F) is a linear combination of ki, ..., ky.
This proves the “only if” part of the theorem.
Conversely, suppose P(|F|[P~!sgn F) is a linear combination of ki, ..., k.
Now
|E|P = / F|F|P"'sgn Fdo = / FP(|FP~lsgnF)do, (2.1)
D D

by Theorem 2.1. Now let h € AP be such that ¢;(h) =0 for 1 < j < N. Since
P(|F|P~tsgn F) is a linear combination of the k;, equation (2.1) gives

1P = / (F + hyP( - Tsgn F) do

= /(F+h)|F|p_lsganU
D

<N+ hflar|||FIP~ sgn F| s
-1
= |[F + hllan | FII%

Therefore,
| E|lar < | F + hl|as-

Since h was an arbitrary AP function with the property that ¢;(h) = 0 for
1 < j < N, this shows that F' solves the extremal problem in question. O

When we apply this theorem, we will usually have each ¢; be a derivative-
evaluation functional. By derivative-evaluation functional, we mean a functional
defined by f — f(")(zg) for some integer n > 0 and some z, € . Note that the
theorem implies that, if ¢1,¢o,...,0n € (AP)* are linearly independent, then
the following two statements are equivalent:

1. F satisfies

[Fllar = inf{[|fllar : 91(f) = 2 (F), ..., o (f) = on(F)}

but does not satisfy

[Fllap = imnf{|[f]|ar : ¢, (f) = 65, (F), -, jns (f) = ¢5as (F)}

for any proper subsequence {j}*, of 1,2,...,N.
2. P(JF|P~tsgn F) is a linear combination of the kernels of ¢1,..., ¢y, and
none of the coefficients in the linear combination is 0.

The next theorem is a special case of Theorem 2.4, with the functionals
taken to be ¢;(h) = h9)(0), with kernels k;(2) = (j + 1)!27.



Theorem 2.5. The function P(|F|P~!sgn F) is a polynomial of degree at most
N if and only if

[F|lar = inf{]| f]|a» : £(0) = F(0),..., f™N)(0) = F*M)(0)}.

It is a polynomial of degree exactly N if and only if N is the smallest integer
such that the above conditions holds.

The next theorem relates the generalized minimal interpolation problems we
have been discussing with linear extremal problems.

Theorem 2.6. Let ¢1,...,¢n be linearly independent elements of (AP)* with
kernels k1, ..., kn respectively, and let F' € AP with |F||a» = 1. Then the func-
tional for which F is the extremal function has as its kernel a linear combination
of the k; if and only if

[ F'l|a» = inf{[|fllar : &1(f) = ¢1(F),...,dn(f) = on(F)}.

This follows from Theorems 2.2 and 2.4. Recall that although there is no
unique functional for which F' is the extremal function, such a functional is
unique up to a positive scalar multiple, which does not affect whether its kernel
is a linear combination of the k;.

One direction of this theorem, the fact that if F' is the extremal function for
some kernel which is a linear combination of the k;, then I solves the stated
minimal interpolation problem, is easy to prove directly. The proof is as follows.
Let F' be the extremal function for the functional ¢, which we assume to have

kernel k = Z;‘V:1 a;k;. Then

[E ] ar = inf{[|fllar : () = S(F)}.

But if some function G in AP satisfies ¢,;(F) = ¢;(G) for all j with 1 < j < N,
then ¢(G) = ¢(F), which implies that |[F||a» < ||G|la». This implies that F'
satisfies

[Fllap = mf{|[f[|ar : 92(f) = ¢1(F), ..., dn(f) = on(F)}.

3 Calculating Bergman Projections

Now that we have explored the relation between the Bergman projection and
solutions to extremal problems, we will calculate the Bergman projection in
various cases.

Proposition 3.1. Let m and n be nonnegative integers. Then

m—+1

m—n+1l_m—n .

e a1 ifm>n

P(zmz") = ’ f —
0, if m <n.



This is Lemma 6 in Chapter 2 of [7].

The next theorem is very helpful in calculating the Bergman projection of
the kernel of a derivative-evaluation functional times the conjugate of an AP
function.

Theorem 3.2. Let 1 < q1,q2 < 00. Let p1 and p2 be the conjugate exponents

of q1 and qo. Let
1 1

¢ @ @
and suppose that 1 < q < co. Let p be the conjugate exponent of q. Suppose that
k € AT and that g € A%. Let the functional 1 be defined by ¢(f) = [, fkdo
for all f € APr. Then P(kg) is the kernel of the functional ¢ € (AP)* defined by

o(f) =v(fg),  feA.

Proof. First note that 1/p+1/g1 +1/g2 = 1, so if f € AP then fg € AP' and
the definition of ¢ makes sense. Now observe that

o(f) = ¥l fg) = /D fokdo.

By Theorem 2.1, this equals
[ PG do. .
D

We will study the kernels of various derivative-evaluation functionals. Evalu-
ation at the origin is somewhat different and simpler than evaluation elsewhere,
so we deal with it first.

Theorem 3.3. The kernel for the functional f — f((0) is (n+1)!2". If g € AP
then
g )i+l .
Nn+1

Proof. The first statement can be verified by evaluating

/D F(2)7"do(2)

when f is written as a power series. The second part follows from Proposition
3.1. To see this, note that by the first part of the theorem, P(z"g(z)) is the
kernel for the functional taking f € AP to

a0 = n+1|2(>f“ "=90),

which has kernel




We will now deal with the function 1/(1 — @z)™, for n > 2.

Proposition 3.4. The kernel for the functional f — f)(a) is

(n+1)lz"

m, n:071,27...

Proof. We know that

1
= [ —Q d .
flo) = | ol dota)
Differentiation n times with respect to a gives the result. O

Proposition 3.5. For each a € D with a # 0, there are numbers cy, . .., ¢, with
cn # 0 such that the function

v
(1 —az)nt+2
is the kernel for the functional f — cof(a) + cif'(a) + ...+ cnf(a).

Proof. We will proceed by induction. The claim is true for n = 0 by the repro-
ducing property of the Bergman kernel function. For general n, we may write
the partial fraction expansion

o n+2 b
2 N
(1 —az)nt2 jz::() (1 —az)i’
for some complex numbers b;. Thus,
n+2 .
=3 by (1 — @),
§=0

Differentiating both sides n + 1 times with respect to z gives
0=>bi(—a)" " (n+ )+ bo(—a)" T (n +2)!/(1 — az).

Since this holds for all z, it follows that by = b; = 0. Since 2" /(1 — @z)"*?2 has
a pole of order n + 2 at 1/a, we see that b, 2 # 0. Therefore,

n n+1
1 - 1 z . Z b]
(1 —az)"*2  byyo | (1 —az)nt2 (1—az)!

Note that the first term of the right side of the above equation is the kernel for
the functional f + (1/(n+1)!) £ (a). Also, each term in the sum Zj;l Ty
is the kernel for a linear functional taking each function f to some linear com-
bination of f(a), f’(a),..., and f("~Y(a), by the induction hypothesis. This

proves the proposition. O



Proposition 3.6. Let g € AP for 1 < p < oo, and let a € D with a # 0.
Suppose g has a zero of order n at a. Let N > 0 be an integer. Then

P (aest) = 3 O

for some complex constants Cy depending on g™ (a) for 0 < m < N.

? (=)

is the kernel associated with the functional

Proof. The projection

N
F ) bi(f9)V ()

=0

for some constants b;, with by # 0, by the previous proposition and Theorem

3.2. But v
Zb (fo) D (a szj (> £9(0)gM) (q).

7=0 k=0

Since g\9)(a) = 0 for 0 < j < n, all terms in the sum with j — k < n are 0. But
this means that the only non-zero terms in the sum occur when k& < j —n, so
that £ < N —n. Now, set

Zb()“’@(),

j=k+n

N ) N—n
> bi(f9) (@) = > Bef®(a)
k=0

=0

But the kernel associated to ,iV;O” By f®)(a) is

SO

Sk

Z Bk k+2

As in the proof of Theorem 3.5, we may show that
k

z _ Cr2 Ck3 o Ck,k+2
(1 —az)k2 (1 —az)? + (1 —az)3 ot (1 —az)k+2
for some constants cga, ...,k k+2. Thus we may write
N—n
(k+ 1)k 1
L
+2 _ k+2
pors (1 2) (1—az)
for some constants C}, depending on g(m)(a) for 0 <m < N. O

10



We will now deal with the function 1/(1 — @z). Since the functional with
kernel 1/(1 —az)"*? involves differentiation of order n, it seems reasonable that
the functlonal with kernel 1/(1 — @z) involves integration. This is indeed the
case.

Proposition 3.7. The function
1/(1 —az)

is the kernel for the functional defined on AP for 1 < p < oo by

1 a
fl—)a/o f(z)dz

1 e
LYy
n=0

Proof. Since

it follows that

z™ = a™
do = Z)"2" do = a™ M do = : 3.1
/Dl—af o nZ_O/D(az)z c=ua /D|z\ o= (3.1)

The change in the order of integration and summation is justified by the fact
that the sum converges uniformly in D. Now let f € AP and write f(z) =
S bmz™. Define

m=0

/f dC_ m+1 o

Therefore, by equation (3.1),

1
/leazf(z)da_ (mez )do—Zb

The interchange of the order of integration and summation is justified by the
fact the partial sums of the Taylor series for f approach f in AP. O

’HL

F(a).

The following theorem is quite useful for determining what form certain
Bergman projections have.

Theorem 3.8. For1 <n < N, let d, be a nonnegative integer and let z, € D.
Let k be analytic and a linear combination of the kernels of the functionals given
by f — fU)(2,). Let g € AP for p > 1. Then P(kg) is in the linear span of
the set of all the kernels of functionals defined by f — f")(z,), where m is an
integer with 0 < m < d, and n is an integer with 1 <n < N.

11



Proof. Let k = ZN anky, where k, is the kernel for the functional f +—

n=1

f(4n)(z,). Then by Theorem 3.2, P(k,g) is the kernel of the functional

dn

fHamﬂ%w%)=§j(?)ﬂﬂ@m¢%ﬂk%>

Jj=0

But this functional is a linear combination of functionals of the form

fe £ (),
where 0 < m < d,,. O

Due to their relation with extremal problems, we are often concerned with
projections of the form P(FP/?F®/2=1) where F is an analytic function. This
is well defined because

FPI2FW®/D=1 — |p|P/F = |F|P~tsgn F.
The following theorems deal with this situation.

Theorem 3.9. Let 1 < p < oo, and let F' € AP. Furthermore, suppose if
p < 2 that F®/2=1 ¢ AP for some p; > 1. Also, suppose that FP/? is analytic
and is a linear combination of the kernels k, corresponding to the functionals
f = fln)(z,) for some integers d,, and some points z, € D, where 1 <n < N,
and where N is an integer. Then F satisfies

| F||ap = inf{[|fllar : ™ (2) = F™(2,,) for all n and m such that
1<n<Nandl<m<d,}.
Proof. This follows from Theorems 3.8 and 2.4. O

The following theorem is a consequence of Theorem 3.8. It can also be
proved by using Taylor series and Proposition 3.1.

Theorem 3.10. Let f be a polynomial of degree at most N and let g € AP for
some p > 1. Then P(fg) is a polynomial of degree at most N.

Using this theorem and Theorem 2.5, we immediately get the following re-
sult.

Theorem 3.11. Suppose that F € AP and FP/? is a polynomial of degree N.
Furthermore, if p < 2 suppose that FP/2=1 ¢ AP for some p; > 1. Then

1F|Lar = if{|[ fllan = £(0) = F(0),..., f(0) = F™M(0)}.

Note that FP/2 can be a polynomial only if F' is nonzero in I or p/2 is
rational and all the zeros of F in D are of order a multiple of s, where r/s is the
reduced form of p/2. If p is an even integer, this poses no restriction. Because
of this, the case where p is an even integer is often easier to work with.

12



4 Solution of Specific Extremal Problems

We will now discuss how to solve some specific minimal interpolation problems.
Since we are dealing with the powers p/2 and 2/p, neither of which need be
an integer, we will have to take care in our calculations. We will introduce a
lemma to facilitate this. The lemma basically says that if f and g are analytic
functions nonzero at the origin, and if f(™(0) = (¢g?)(™(0) for all n such that
0 <n < N, then (f%/7)(™(0) = g(™(0) for all n such that 0 <n < N.

To state the lemma we first need to introduce some notation. Suppose
that the constants cg,c1,...,cn are given and that c¢g # 0, and let h(z) =
co +c1z+ -+ enz. Suppose that a = ch for some branch of the function
zP. Let U be a neighborhood of the origin such that h(U) is contained in some
half plane whose boundary contains the origin, and such that 0 & A(U). Then
we can define zP so that it is analytic in h(U) and so that ¢ = a. We let

B (a;co,c1, - .-, ¢;) denote the §t derivative of h(2)? at 0.
Note that because of the chain rule for differentiation, ﬂf only depends on
Jj, the constants cg, ..., c;, and the numbers p and a. For the same reason, the

value of 5;’ is the same if we replace the function h in the definition of Bf by

any function h analytic near the origin such that hU )(0) = ¢jfor1<j<N.

Lemma 4.1. Let cg,cq,...,cy be given complex numbers, and let p be a real
number. Suppose that ¢y # 0, and let ag = ¢}, for some branch of 2P. Then

Cj = B_]l/p (Co§ﬁg(a0§ 00)7 Bf(a07 Co, cl)a ey B}D(a07 COy vy C])) .
Proof. Let a; = ﬁf(ao;co, ...,¢;) and bj = B;/p(co;am ...,a;). Then by = co.
Now let f(z) = Z;VZO %27, Then fO(0) = ¢j for 0 < j < N. Let U be a

neighborhood of 0 such that there exist g > 0 and 8y € R such that

f(U)C{?“ew:r0<7“and90—7T<9<90—|—7T}.
2p 2p

Then zP can be defined as an analytic function in f(U). Furthermore, the set
V = (f(U))P does not contain 0 but is contained in some half plane, so z!/? can
be defined as an analytic function in V' so that it is the inverse of the function
2P defined in f(U).

Now define g(z) = (f(2))? for z € U. Then g¥)(0) = a; and g'/?(0) = ¢y, so
(g*/P))(0) = b for 0 < j < N. But g(2)*/? = f(z) for z € U, so b; = ¢; for
0<j<N. O

We will now use the lemma to solve a specific extremal problem in certain
cases.

Theorem 4.2. Let cg,...,cn be given complex numbers, and assume that cy #
0. Suppose that F € AP, and FU)(0) = ¢j for0 <5 <N, and

1F||La» = inf{[lg]la» : 9(0) = co, ..., g™ (0) = en}.

13



Let ag = 08/2 for some branch of zP. Define

2
iv: ﬂf/ ((Lo;Co,...,Cj) j

! -

flz) =

Jj=0

where the ﬁf/z are defined as in the beginning of this section. Suppose that

f1=C@/P) ¢ APv for some py > 1. Also, suppose that f has no zeros in I. Thus
we may define f2/P so that it is analytic in D and so that f2/?(0) = ¢o. Then

F=f27,

The same result also holds if p is rational, 2/p = r/s in lowest form, and every
zero of f has order a multiple of s.

Proof. Note that f2/? is analytic in D since we have assumed f has no zeros
in D, or that p is rational and 2/p = r/s in lowest form and f has only zeros
whose orders are multiples of s. Also, f(0) = ag, so we may define f2/P so that
f2/P(0) = ¢o. The j** derivative of f2/? at 0 is

857 (co: 85/ (a0i o), -, B *(agi o, - )

for 0 < j < N, which equals ¢; by the lemma. Thus f?/? is in contention to
solve the extremal problem.

But
2/p|p —1—(2/p
P (J;z/z! ) :P(ffl @ ))

is a polynomial of degree at most N by Theorem 3.10, so by Theorem 3.11 we
find F = f2/». O

To apply this theorem, we need to show that f has no zeros in the unit
disc, or has only zeros of suitable orders if p is rational. Then, as long as
f1=@/P) ¢ APr for some p; > 1, we have that f2/? is the extremal function.
Note that we do not need to know anything about the zeros of the extremal
function itself to apply the theorem, but only about the zeros of f.

Also note that if f has no zeros in the unit disc, this theorem implies that
the extremal function F' = f2/P also has no zeros in the unit disc. It can also be
shown that if F' has no zeros, then F must equal f2/P. This follows from [13],
Theorem B. It also follows from the work on extremal problems in Bergman
space posed over non-vanishing functions found in [1], [24], [26], and [25]. The
case where the extremal function has zeros is more challenging and not as well
understood. See Example 4.6 for a problem in which the extremal function has
one zero.

Example 4.3. The solution to the minimal interpolation problem in AP with
f(0)=1and f'(0) =c¢; is

F(z) = (1 + gclz)Z/p,
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provided that |c;| < % (or p = 2). This is because 68/2(1;1,01) = 1 and

Bf/Z(l; 1,¢1) = (p/2)c1. For example, if p =4 and ¢; = %, then
F(z) = (14 2)Y2

The above problem is also solved in [19] in more general form. The solution
to the extremal problem in the next example is more difficult. We do not know
if it has been stated explicitly before, although in the case in which the extremal
function has no zeros it does follow from [13], Theorem B, or from the results
in [24], if it is assumed a priori that the extremal function has no zeros.

Example 4.4. The solution to the minimal interpolation problem in AP for
1< p < oo with F(0) =1, and F'(0) = ¢, and F(0) = ¢y is

F(2) = {14 (p/2)erz + [(p(p — 2)/4)3 + (/2)e) 22}

provided that the quadratic polynomial under the 2/p exponent in the equation
for F' has no zeros in . The solution is the same if p = 4 or 4/3 and the
quadratic polynomial has a repeated root in the unit disc. (The solution is also
the same in the case p = 2, no matter where the polynomial has roots).

Linear extremal problems tend to be more difficult to solve than minimal
interpolation problems involving derivative-evaluation functionals, because val-
ues of a function f and its derivatives are generally easier to calculate than
P(|f[P~tsgn f). Nevertheless it is possible to solve some linear extremal prob-
lems explicitly by the methods in this paper. Here is one example.

Theorem 4.5. Let N > 1 be an integer, let 1 < p < oo, and let b € C satisfy

1 2
b>1+—(1-2
o= +N+1< p)’

|b+\/|b|2—N4+1 (1_3)

a= 5 sgnb.

Then the solution to the extremal problem in AP with kernel zV + b is
(2N 4 a)?/?
(laf? +1/(N +1)"/7

and define

F(z) = sgn(a'~(?/P)

In the above expression for F(z), the branch of (2 4 a)?/? may be chosen
arbitrarily, but the value of sgn(a'~(2/?)) must be chosen consistently with this
choice. Note that the functional associated with the kernel zV + b is

O(f) =bf(0) + (1/(N + 1)) f™(0).

Also, observe that the hypothesis of the theorem holds for all N and p if |b| >
3/2.
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Proof. The condition

1 2
b>14+—-1(1-=
o = JrN—i—l( p)

implies that |a| > 1, so that 2V 4+ a # 0 in D and F is an analytic function.
Note that

H(ZN+a)2/p||€‘p:/|zN+a\2d0:/(zN+a)(zN+a)do':|a|2+7.

Thus, ||F|a» = 1.
Now

((ZN +a>2/p>p/2—1 — a1—2/p + (1 _ ;) a_2/pZN —|—O(22N),

where we choose branches so that ((2"V 4 a)?/?)P/2 = 2N + a. We calculate that
P (|zN +alP~ ' sgn(" +a))
12
=P ((zN +a)(zN +a) /p>

=P<(ZN—|-CL) (al—%’—&- (1—2> a—2/pzN+0(z2N)>>.

D
But by Proposition 3.1, this equals

P {(ZN+a) <a1—2/P+ (1 - ;) M’zfv)]

— aal—Z/p 4+ — (1 _ 2> a—Z/P + al_(2/P)zN
p

_ 1 2
=T (N o g (1-2) )

= a1*(2/p)(ZN +b).
Thus,

p—1

P { ’sgn(alf(Q/p))(zN + a)’ sgn (sgn(alf(Q/p))(zN + a)) }

= al=@/P) sgn(a'~ /P (2N +b)
= a2 (2N 4+ ).
Therefore,
N 4b
(la]? +1/(N 4 1))@~ D/P"

’P(FP/QF(p/2)71) _ |a1*(2/p)|

Since ||F||a» = 1, Theorem 2.2 shows that F is the extremal function for the
kernel on the right of the above equation. But that kernel is a positive scalar
multiple of k, so F is also the extremal function for k. O
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Example 4.6. Let a € D\ {0} and let b,c € C. Consider the function

1l a-—
al—az

(1+bz—|—cz )1/2,

flz) =

where we assume that 1 + bz + c¢z? has no zeros in D, or a double zero in D
(so that f is analytic). We choose the branch of this function so that f(0) =1
Then a calculation shows that

(0)= % (ab + |af? — 1> , and

" ab?
F7(0) = la|?b + 2aa? —|—ac—2a—b—7 .

Another calculation shows that the residue of f2 about a1 is equal to
la| %@ [(|a|2 1)2(2¢ + ab) — 2(|a)® — 1)(62+c+6b)] .

Now, suppose that v; and vy are complex numbers, and that we want to
solve the minimal interpolation problem of finding F' € A* such that F(0) =
1, F'(0) = vy, F(0) = vq, and with | F||4 as small as possible. If we can find
numbers a, b, and ¢ so that (1 + bz + cz?) has no zeros in D, or a repeated zero,

and so that
1
Ul_a<2 +|a|21>
1 b?
vy = — <|a|2b+2aa +ac—2a—b— a)
a 4
= (la]* = 1)*(2c +a@b) — 2(|a|* — 1)(a* + ¢ + ab)
then L a
F(z)=f(z) = - 1 2)12
(z) = f(2) = 21 Ez( + bz + ¢2?)

To see this, note that in this case

aq

f(2)2 = a122 + a2z + az + 7(1 — EZ)Q

for some constants ai,...,as. Then
P |:(a122 “+ agz + ag) f(Z):|

will be a polynomial of degree at most two by Theorem 3.10. Also, since f(a) =
0, we have

P ) =

by Proposition 3.6. Thus, P(f2f) is a polynomial, and so f solves the extremal
problem in question, by Theorem 2.5.
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5 Canonical Divisors

We will now discuss how our previous results apply to canonical divisors. These
divisors are the Bergman space analogues of Blaschke products. They were first
introduced in the A? case in [11], and were further studied for general p in [6]
and [4]. The formula for a canonical divisor with one zero is well known, see
for example [7]. In [10], a formula was obtained for canonical divisors with two
zeros, as well as with more zeros under certain symmetry conditions on the
zeros. In [16], a method is given for finding the canonical divisor in A? for an
arbitrary finite zero set. In [17], a fairly explicit formula for canonical divisors
is obtained for general p. In this section, we discuss how the methods of this
paper apply to the problem of finding canonical divisors in the case where p is
an even integer. The results we obtain are similar to those in [17].

By the zero-set of an AP function not identically 0, we mean its collection of
zeros, repeated according to multiplicity. Such a set will be countable, since the
zeros of analytic functions are discrete. Given an AP zero set, we can consider
the space NP of all functions that vanish on that set. More precisely, f € AP is
in NP if it vanishes at every point in the given zero set, to at least the prescribed
multiplicity.

If the zero set does not include 0, we pose the extremal problem of finding
G € NP such that ||G|la» = 1, and such that G(0) is positive and as large as
possible. If the zero set has a zero of order n at 0, we instead maximize G (0).
For 0 < p < o0, this problem has a unique solution, which is called the canonical
divisor. For 1 < p < oo, this follows from the fact that an equivalent problem
is to find an F € N? with F(0) =1 and ||F||4» as small as possible. It is well
known that the latter problem has a unique solution (see e.g. [8], Proposition
1.3).

In this section, we discuss the problem of determining the canonical divisor
when p is an even integer, and the zero set is finite. We show how the methods
of this paper can be used to characterize the canonical divisor. Our methods
show that if G is the canonical divisor, then GP/? is a rational function with
residue 0 at each of its poles, which is the content of the following theorem.

Theorem 5.1. Let p be an even integer. Let z1,...,zn be distinct points in D,
and consider the zero-set consisting of each of these points with multiplicities
di,...,dn, respectively. Let G be the canonical divisor for this zero set. Then
there are constants ¢y and c,j for 1 <n < N and 0 < j < (p/2)d,, — 1, such
that

N (p/2)dn—1 ‘
G(z)P/? :Co—f'z Z % if zn # 0 for all n, and

(1 —zZ,2)i+2’

(p/2)d1—1 (p/2)dn—1

Cnj .
Gt = st/ 5 %ZHZ 2 gy Y0

Proof. Our goal is to show that GP/2 is the kernel for some linear combination
of certain derivative-evaluation functionals. Because we know what the kernel

18



of any derivative-evaluation functional is, we will be able to show that G has
the form stated in the theorem.

Let A, =dn((p/2) —1). For 1 <n < Nand 0 <j <A, —1,let hy; be a
polynomial such that

m 1, ifm = dk=j
hfw-)(zk)z if m .nan j
0, otherwise.

For f € AP  define
Ap—1

Z anjhn;(2)

where a,,; = f\9)(2,). Since f has zeros of order A, = dn((p/2) — 1) at each zy,
the function

) =f) -

n=1

~ 1 ~
f=comaf
is in AP.
But then
12 /2 N A,—1
_ — ~
/Gp de:/G(z) f(z)—i—z Z anjhn;(2z) | do
D D n=1 j=0
N N A,-1 /2
:/D\G(z)|P*15gnG(z)f(z)do+Z Z anj/D(;(Z)p hnj(z) do
n=1 j=0

=I1+1IL

Now, Il is a linear combination of the numbers a,; for 1 <n < N and 0 < j <
A, — 1, so we turn our attention to I. The canonical divisor G is a constant
multiple of the function F' € AP of smallest norm that has zeros of order d,
at each z; and such that F(™(0) = 1, where m is the order of the zero-set at
0. By Theorem 2.4, P(|G|P~!sgnG) is the kernel for a linear combination of
appropriate derivative evaluation functionals at the points 0, z1,- - , z,. Thus,
we have

/|G|p_1sgnGj?do:/P(|G\p_lsgnG)]?da
D D

N d,—1

= bofU(0)+ D D bai S (),

n=1 j=0

for some complex constants by and b,;. Note that f(z) = Gnﬁl where

1

Gola) = (= =)™ iy

and



Note that
J

R AT

k=0
and
k! dktAn
k J—
}\T(L)(Zn)* (]C+A )'dZIH_A f( )
k!l dk+An N A,-1
Tkt A deF A [f (2) =32 D nshns(2)

e n=1 s=0

Thus, f(j)(zn) is a linear function of the numbers a,,, and the numbers f*)(z,)
for 0 <k <j+ A,. Recall that a,s; = f(s)(zn).
Also, if m =0, then

Ap—1

N
Fim(0) = GO)'=®2F(0) = GO) P | F0) =" > a
=0

n=1 j

so f(™)(0) is a linear function of the numbers anj and f(0) = fmp/2(0). If
m # 0, then we may abbume z1 = 0 and m = d;, and then by the same reasoning
as we used above for fU)(z,), We see thatf(™)(z,) is a linear function of the
numbers a,; and the numbers f*)(z;) for 0 < k < dy+A4; = di+((p/2)—1)d; =
(p/2)dy = mp/2. Thus, term

I= / Gw/2)-1f do
D

is a linear combination of the numbers f(*)(z,) for 0 < k < (d,, — 1) + ((p/2) —
1)d, = (p/2)d, — 1, and the number f"?/2)(0).

Therefore, both I and II, and thus fD f@p/2 do, are linear combinations of
the numbers f*)(z,) for 0 < k < (p/2)d,, — 1, and the number f(mP/2)(0).
And thus, G?/? is the kernel for a derivative-evaluation functional depending on
f9(z,) for 1 <m < Nand0<j < (p/2)d, —1, as well as f™?/2(0). Therefore
GP/? has the desired form. O

The previous theorem gave a condition on GP/? that must be satisfied if
G is the canonical divisor of a given zero set. The following theorem says
that condition, along with a few other more obviously necessary ones, is also
sufficient.

Theorem 5.2. Let p be an even integer. Let z1,...,zn be distinct points in D,
and consider the zero-set consisting of each of these points with multiplicities
di,...,dn, respectively. The canonical divisor for this zero set is the unique
function G having AP norm 1 such that G(0) > 0 (or G (0) > 0 if G is
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required to have a zero of order m at the origin), and such that GP?/? has zeros
of order pd, /2 at each z,, and

N (p/2)dn—1 .
G(z)P/Q:c0+Z Z (1_7# if zn #£ 0 for alln or

(p/2 ydi—1 (p/2)dn—1

Cp .
G2 =i+ 3 cuzﬂ+Z 2 omgm  TAT0

Proof. By Theorem 5.1 and the definition of the canonical divisor, the stated
conditions are necessary for a function to be the canonical divisor. Suppose that
G is a function satisfying the stated conditions. We will prove the theorem by
applying Theorem 2.4 to P(GP/ZG(W)‘I).

We first discuss the proof under the assumption that z, # 0 for all n. First,

as above, P (é(p/m_l) = G(O)(p/z)il. Now, by Proposition 3.6,
i—((p/2)—1)dn
1 /-1 3 1
P ((1 — Znz)it? 2) ) k=0 ok (1 —Zpz)k+2

where the constants C, ;; may depend on G. But if j < (p/2)d, — 1, then
~((p/2) = 1)dn < dn — 1. Thus

(/ N n_l B
P (Gp/ 2G(2)" ) 0t 7;”’
n=1 k=0 Z Z) *
where B, = S WAL ¢, G and By = ¢G(0) 7" By Theorem

2.4, G is a multiple of the canonical divisor. But the conditions that G(™)(0) > 0
and ||G||4» = 1 imply that G is the canonical divisor.

The case where z; = 0 is similar, but we also use the fact that P(zjé(pp)_l)
is a polynomial of degree at most j—[(p/2)—1]dy, or zero if j < [(p/2)—1]d;. O

From previous work by MacGregor and Stessin [17], a weaker form of The-
orem 5.1 is essentially known. In the weaker form of the theorem, one only
knows, in the case that no z, = 0, that

N N (p/2)dn—1

n=0 n=1

for some constants b,,. The case where z; = 0 is similar. (Although their work
also gives a fairly explicit method of finding the canonical divisor, it does not
seem to be clear from their results that the b,, will always be zero.) To derive
Theorem 5.2 from the weaker form of the theorem, we can use the following
proposition, which gives another indication of why the residues of G?/2 must
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all be zero. It basically says that nonzero residues would lead to terms in
PGP/ 2@(1)/2)_1) that were kernels of functionals of the general form

f= Lll/oa f(2)g9(z)dz,

where ¢ is an analytic function and a € D. But, as the proposition explains, it

would then be impossible for P(GP/ Zé(p/m_l) to be the kernel of a finite linear
combination of derivative-evaluation functionals.

Proposition 5.3. Let g be analytic on D and continuous on D, and suppose g
18 non-zero on OD. Let a, € D and a, # 0 for 1 < n < N, and assume that
an # aj forn # j. Let b, € C for1 <n < N. Then if any of the b,, are nonzero,

N
()

1s not the kernel for a functional that is the finite linear combination of derivative-
evaluation functionals.

Note that as is shown in [6] (see also [5], [27], and [7]), the canonical divisor of

a finite zero set is analytic in DD and non-zero on 0D. This allows the proposition
to be applied to Bergman projections of the form

N
b
n (p/2)-1
P(E 1—@2G(Z)p >

n=1

Proof. We know by Proposition 3.7 that

N
(=)

n=1

is the kernel for the functional given by

N an
o [T )
n=1 "

Suppose this functional were a linear combination of derivative-evaluation
functionals, which we will denote by f — f(k)(zj), where 1 < j < J and
0 <k < K. Let h be a function such that h = gf for some f € AP. For fixed g,
the values f(k)(zj) for 1 <j<Jand0<k< K are linear combinations of the
values h(’“)(z:j)7 where 1 < j < Jand 0 <k < K +r(z;), and r(z;) is the order
of the zero of g at z;. Thus the functional defined on the space gAP by

N an
his bu h(z) dz

a
n=1 "0
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must be a linear function of the values h(¥)(z;). By gAP, we mean the vector
space of all functions that may be written as g multiplied by an AP function.
Since g is analytic in D and g is nonzero on 9D, any polynomial that has all the
zeros of g will be in gAP.

Now for each m there exists a polynomial H,, such that H,,(a,,) = 1, but
H,,(ay,) =0 for all n # m, and such that HY (z;) = 0 for all j and k such that
1<j<Jand1<k< K+r(z;)+1. Also, we may require that H has all the
zeros of g, and that H,,(0) = 0. Set h,,, = H/,. Then h,, shares all the zeros of
g, and so it is a multiple of g. Thus

N b an
Zi/ hm(2) dz = 0,
n=1 n Jo

since the left side of the above equation is a linear combination of the numbers
hg,]f)(zj) for 1 <j<Jand0<k<K+r(z), and each h%’i)(zj) = 0. But also,
for each m such that 1 < m < N, we have

b, o by
Zi/o B, dz—z H anf—,

m

so each b, = 0. O

Example 5.4. Suppose we are given distinct points 21, 29, ..., 2y € D\{0}. Let
p = 2M, where M is a positive integer. Suppose we wish to find the canonical
divisor in AP for the given set of points. From the theorem, we know that

N M-1

(2) _CO+ZZ 1—zzm+2

nlmO

Then we have for 0 < k< M —1and 1 <n < N that

N M-1__g

k z m m
0= d ( () )|z ZJ—dkCO+ZZ n +1+k)'/( + )cnm~

dzF (1 -z zj)mt2+k

n=1 m=0

This gives a system of NM equations with NM + 1 unknowns. Because of
the uniqueness of the canonical divisor, there will be a unique solution to these
equations with cg > 0 and such that ||G||ar = 1.
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